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Introduction and the main results
In this paper we study some nonlinear problem arising from conformal geometry. Precisely, consider a Riemannian manifold with boundary (Mn, g ) of dimension n 2 3 and take ij = u~/ ( " -~)~, be a conformal metric to g, where u is a smooth positive function, then the following equations relate the scalar curvatures R,, Rg and the mean curvatures of the boundary h,, hg, with respect to g and ij respectively. where c, = 4(n -l)/(n -2) and v denotes the outward normal vector with respect to the metric g. In view of the above equations, a natural question is whether it is possible to prescribe both the scalar curvature and the boundary mean curvature, that is : given two functions K : M + B and H : d M + R, does exists a metric 3 conformally equivalent to g such that Rg = K and hg = H?
According to equations (PI), the problem is equivalent to finding a smooth positive solution u of the following equation Such a problem was studied in [I] [14] , [15] [16] , [17] , [18] , [19] [21] . Yanyan Li [21] , and Djadli-Malchiodi-Ould Ahmedou [15] studied this problem when the manifold is the three dimensional standard half sphere. Their approach involves a fine blow up analysis of some subcritical approximations and the use of the topological degree tools.
Regarding the above problem it is well known that the most interesting case is the so called positive one, that is when the quadratic part of the associated Euler functional is positive definite. Another interesting case is when a noncompact group of conformal transformations acts on the equation leading t o topological obstructions. The half sphere represents the simplest case where such a noncompactness occurs, and in this paper we consider the case of the standard half sphere under minimal boundary conditions:
More precisely, let n 1 3 . Given a C2 function K on e, we look for conditions on K to ensure the existence of a positive solution of the problem where g is the standard metric of SS;. Problem (1) is in some sense related to the well known scalar curvature problem on sn to which much work has been devoted. For details please see [3] , [5] , [8] , [9] , [13] , [12] , [20] , [22] , [23] , [27] and the references therein. As for (2) , there are topological obstructions of Kazdan-Warner type to solve (1) (see [lo] ) and so a nature1 question arises: under which conditions on K , (1) has a positive solution. We propose to handle such a question, using some topological and dynamical tools of the theory of critical points at infinity, see
Our approch follows closely the ideas developped in Aubin-Bahri (21, Bahri [3] and Ben Ayed-Chtioui-Hammami [9] where the problem of prescribing the scalar curvature on closed manifolds was studied using some algebraic topological tools. The main idea is to use the difference of topology between the level sets of the function K to produce a critical point of the Euler functional J associated to (1) and the main issue is under which conditions on K , a topological accident between the level sets of K induces a topological accident between the level sets of J. Such an accident is sufficient to prove the existence of a critical point when some compactness conditions are satisfied. However our problem presents a lack of compactness due to the presence of critical points at infinity, that is noncompact orbits for the gradient of J along which J is bounded and its gradient goes to zero. Therefore a careful study of such noncompact orbits is necessary, in order to take into account their contribution to the difference of topology between the level sets of J. In order to state our main results, we need to introduce the assumptions that we are using in our results.
(A1) We assume that K1 = Klas; has only nondegenerate critical points yo, ..., y,, where yo is the absolute maximum, such that
(A2) Assume that there exists c a postive constant such that c < K(yl), and every y critical point of K , K(y) < c. Next, we state another kind of existence results for problem (1) based on a " topological invariant" for some Yamabe type problems introduced by Bahri see [3] .
To state these results, we need to introduce the assumptions that we will be using and some notations.
(HI) We assume that K1 has only nondegenerate critical points and we assume that there exists yo E dST such that yo is the absolute maximum of K1 and (~K I~~) ( Y o ) > 0. (Hz) Ws(yi) n Wu(yj) = 0 for any i such that (dK/Ov)(yi) > 0 and for any j such that (dK/av)(yj) < 0.
For k E {1,2, ..., n -I), we define X as where yio satisfies (Here ind(yi) denotes the Morse index of yi for the function Kl). (Ha) We assume that X is without boundary. We denote by C,,(X) the following set C,, (X) = {a!6,,
For X large enough, we introduce a map fx : Cyo(X) + Cf, defined by Then Cy0(X) and fx(Cyo(X)) are manifolds in dimension k + 1, that is, their singularities arise in dimension k -1 and lower, see [3] . Observe that Cyo(X) and fx(C,,(X)) are contractible while X is not contractible. For X large enough, we also define the intersection number(modu10 2) of fx(Cyo(X)) with %(YO, yio)rn P(YO) = f~(cvo(X) 
For yi E Bk, we define, for X large enough, the intersection number(modulo 2)
By the above arguments, this number is well defined (251. Then we have the following theorem The remainder of the present paper is organized as follows. In section 2, we set up the variational structure and recall some preliminaries. In section 3, we perform an expansion of the Euler functional associated to (1) and its gradient near the potential critical points at infinity, then we prove a Morse Lemma at infinity in section 4. In section 5, we provide the proof of Theorem 1.1 and Corollary 1.1, while section 6 is devoted t o the proof of Theorems 1.2 and 1.3.
Variational structure and preliminaries
In this section we recall the functional setting and the variational problem and its main features. Problem (1) has a variational structure. The functional is defined on HI (q, R) equiped with the norm
We denote by C the unit sphere of H 1 ( c , R) and we set C+ = {u E C / u > 0).
The Palais-Smale condition fails to be satisfied for J on C+. Its failure has been studied by various authors (see Brezis-Coron [ll] , Lions [24] , Struwe [28] ).
In order to characterize the sequences failing the Palais-Smale condition, we need to introduce some notations.
For a E and X > 0, let where d is the geodesic distance on (ST, g) and co is chosen so that For e > 0 and p E N*, let us define
The failure of Palais-Smale condition can be described as follows:
Proposition 2.1 (see [6] , [24] and [28] 
Now, we consider the following subset of V ( p , E )
The following lemma defines a parametrization of the set Vb(p, E ) . by Before ending this section, we mention that it will be convenient to perform some stereographic projection in order to reduce our problem to R;. Let Dl~~(R61;) denote the completion of c,"(I@') with respect to Dirichlet norm. The stereographic projection q-, throught a point a € dS;1 induces an isometry i : H1(ST) + D1y2(R;) according to the following formula In particular, one can check that the following holds true, for every v E H1(S:)
In the sequel, we will identify the function K and its composition with the stereographic projection T,. We will also identify a point b of ST and its image by n,.
These facts will be assumed as understood in the sequel.
Expansion of J and its gradient at infinity
This section is devoted to an useful expansion of J and its gradient near a potential boundary critical point at infinity consisting of two masses. 
In order to simplify the notations, in the remainder, we write 8 j instead of Zai,xi. We now have 1), (3.2), (3.3), (3.4), (3.5) and (3.6) , we easily derive our proposition. .7), (3.8) , (3.9) , (3.10) , (3.11) and (3.12), we easily derive our proposition.
we have the following expansion:
where
dx.
Proof. An easy computation shows 1 661 (3.13)
Using (3.7), (3.13) , (3.14) , (3.15) , (3.16) and (3.17), our proposition follows. In this section, we consider the case where we only have one mass and we perform a Morse lemma at infinity for J, which completely gets rid of the v-contribution and shows that the functional behaves, at infinity, as J ( C Y~~, J ) + IV12, where V is a variable completely independent of 6, i. Namely, we prove the following proposition. 
Proposition 3.4 For u = C aiJi E & ( 2 ,~) , we have the following ezpansion: (vJ(u),&) = 2 J ( u ) a l % 2 ( 1 -J(u)*a?K(al) + 2~(~) -~? 2 e 6 K av ("11
Hence our global vector field will be built using a convex combination of Z1, Z2 and Z3 and will satisfy obviously i., iii. and iv. Regarding the estimate ii., it can be obtained once we have i. arguing as in [3] and [S].
Proof of Theorem 1.1
Our proof follows the aIgebraic topological arguments introduced in [2] . Arguing by contradiction, we suppose that J has no critical points. It follows from Corollary 4.1, that under the assumptions of Theorem 1.1, the critical points at infinity of 9 under the level cl = (S,I~);(K(~~))? + E , for E small enough, are in one to one correspondance with the critical points of Kl yo, 31, ..., 31. The unstable manifold at infinity of such critical points at infinity, Wu(yo),, ..., Wu(yl), can be described, using Proposition 4.2, as the product of Ws(yo), ..., Since J has no critical points, it follows that Jcl = {u 6 C+ /J(u) 5 q) retracts by deformation on X, = UO<~<~WU(Y~), (see Sections 7 and 8 of [7] ) which can be parametrized as we said before by X x [A, +m[. 2-n From another part, we have X, is contractible in Jc2+,, where c2 = ( S n / 2 ) = c 7 .
Indeed from (A4), it follows that there exists a contraction h : [O, 1 1 x X 4 KC, h continuous such that for any a E X h(0,a) = a and h(1,a) = a0 a point of X .
Such a contraction gives rise to the following contraction h : X, + C+ defined by ----
h is continuous and h(1, al, A1) = 8a,,xl + U, hence our claim follows. Now, using Proposition 3.5, we deduce that where K(h(t, al)) > c by construction. Therefore such a contraction is performed under c2 + E, for A large enough, so X, is contractible in Jc2+,.
In addition, choosing Q small enough, Jc,+, retracts by deformation on Jcl, which retracts by deformation on X,, therfore X, is contractible leading to the contractibility of X, which is in contradiction with our assumption. Hence our theorem follows.
Before ending this section, we give the proof of Corollary 1.1. Proof. For eo > 0 small enough, we set
Our goal is to build a pseudogradient vector field W for 9 satisfying the Palais-
iii. W is bounded iv. X,,,<O. where 7 is a positive constant large enough.
We can assume, without loss of generality, that X1 5 X2. We devide CEO in three principal regions. Setting W4 = 2 + Z1 m, we derive
Hence our global vector field will be built using a convex combination of W l , W2, W3 and W4 and will satisfy obviously i., iii. and iv. Next, we give the proof of ii.
As in [3] and [8] , it is easy to prove that By Propositions 3.2 and 3.3, we can prove that
Using now the estimate of 6 , we easily derive ii. Thus our proposition follows. Next, we state the following result whose proof is similar to corresponding statements in Lemma Al.l [3] 
where q is a positive constant. Using Proposition 3.4, we obtain In this case, we use the vector field defined in the proof of Proposition 6.1 which we combine with the vector field defined in Lemma 6.1. Case 5. a1 = 0 or a2 = 0. In this case, we only have one mass and we use the vector field defined in Lemma 4.1.
Our global vector field Zo will be built using a convex combination of vector fields defined in cases 1-5. Now, let u = a b , ,~ + (1 -a)b,,,x E f~( C , , ( x ) ) .
The action of the flow of the pseudogradient ZQ is described as follow.
If a < 112, the flow of Zo brings a to zero, and thus in this case u goes to
Wu((y0)m) = {YO).
If a > 112, the flow of Zo brings a to 1, and thus u goes, in this case, to In the first case yi # yo, then x goes to WU(yo,yi),.
In the second case yi = yo, u goes to WU(yo), by the vector field defined in Lemma 6.1. Then our result follows.
We now prove our theorems.
Proof of Theorem 1. 2 We argue by contradiction. Assume that (1) has no solution. The strong retract defined in Proposition 6.2 does not intersect Wu(yo, yio)), and thus it is contained in X U D (see Proposition 6.2). Therefore H , ( X U D ) = 0, for all * E N*, since fx(C,,(X)) is a contractible set.
Using the exact homology sequence of ( X U D, X ) , we have Since H,(X U D ) = 0, for all * E M*, then H k ( X ) = Hk+l(X U D, X ) .
In addition, ( X U D, X ) is a stratified set of dimension at most k , then Hk+l(X U D , X ) = 0, and therefore H k ( X ) = 0. This yields a contradiction since X is a manifold in dimension k without boundary. Then our theorem follows. and therefore H,(X U D ) = 0, for all * E N*. Using the exact homology sequence of (X U D, D ) , we obtain Hk+l(X U D , X ) = Hk(X) = 0, a contradiction, a n d therefore our result follows.
